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Abstract
This paper enriches the list of properties of the congruence sequences starting from the
universal relation and successively performing the operations of lower t and lower k. Three
classes of completely regular semigroups, namely semigroups for which kerσ is a cryptogroup,
semigroups for which ker ν is a cryptogroup and semigroups for which κ is over rectangular
bands, are studied. ((ωt)k)t, ((Dt)k)t and ((ωk)t)k are found to be the least congruences on
S such that the quotient semigroups are semigroups for which kerσ is a cryptogroup, ker ν is
a cryptogroup and κ is over rectangular bands, respectively. The results obtained present a
response to three problems in Petrich and Reilly’s textbook “Completely Regular Semigroups”.
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Congruences play a central role in many of the structure theorems and other important con-
siderations in semigroup theory. The kernel-trace approach to congruences on regular semigroups
is specialized to completely regular semigroups. In the attempt to gain insight into the structure
of the congruence lattice C(S) of a completely regular semigroup S, a key role is played by the
decomposition of C(S) which is induced by the complete ∩-congruence K and the complete con-
gruence T , induced by the kernels and the traces of congruences. For the above decomposition,
we obtain two operators, lower k and t, on C(S). We denote by ρk the least congruence on S
having the same kernel as ρ, and by ρt the least congruence on S having the same trace as ρ.
Fixing an arbitrary congruence ρ on a completely regular semigroup S, we may apply to ρ the
operators of lower t and k, thereby obtaining some new congruences. Iterating this procedure,
one arrives at the min-network of congruences on S based on ρ. This procedure becomes quite
interesting if we start with the universal relation ω and in this way construct new congruences that
can be characterized in an independent way. Some of these congruences are well known. Indeed,
ωt = σ, ωk = β, (ωt)k = pi and (ωk)t = κ are, respectively, the least group, band, E-unitary and
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cryptogroup congruences on completely regular semigroups. Also, D = η, ηt = ν and (ηt)k = λ
are, respectively, the least semilattice, Clifford and orthodox congruences on completely regular
semigroups. These congruences are depicted in Figure 1 together with the types of semigroups
to which the quotient semigroups belong. Notice that there are corresponding results for regular
semigroups (see [2], [3], [4]) and inverse semigroups (see [5]).
ω
ωt = σ β = ωk
βt = κ pi = σk
...
ν ∨ pi = σ ∩ D
κ ∨ λ = ν ∩ β
κ ∨ pi = σ ∩ β
group band
cryptogroup E-unitary
η = D
Dt = ν
λ = νk
semilattice
Clifford
orthogroup
E-unitary Clifford
orthocryptogroup
E-unitary cryptogroup
Figure 1 min-network of ω on completely regular semigroups
Recall that η = D is over groups on Clifford semigroups, and that β is also over groups on
cryptogroups. Again, notice that σ is over rectangular bands on E-unitary completely regular
semigroups, and ν is also over rectangular bands on orthogroups. Motivated by the symmetry
observed in [7], we may ask: Is pit a congruence such that piS/pit is over groups and λt a congru-
ence such that λS/λt is over groups? Symmetrically, is κk a congruence such that κS/κk is over
rectangular bands?
Coincidentally, the first question is equivalent to a problem in [6, Problems VII.3.13]:
(iii) For which S is kerσ, or ker ν, cryptic?
This problem could be reached as soon as the other two problems, especially the first one, in [6,
Problems VII.3.13] are solved:
(i) Characterize orthodox congruences ρ for which ker ρ is cryptic.
(ii) If µ is orthodox, is ker µ cryptic?
Our objective here is to present a solution to these three problems. Meanwhile, we obtain
properties of the congruences pit, λt and κk which highlight three new classes of completely regular
semigroups and lead to characterizations of these classes.
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In Section 1, we summarize the notation and terminology to be used in the paper. In Section 2,
we study semigroups for which ker σ (respectively, ker ν) is a cryptogroup and related congruences.
A similar analysis can be found in Section 3 for semigroups for which κ is over rectangular bands
and related congruences. The results obtained lead to new characterizations for orthogroups.
1 Preliminaries
Throughout this paper, unless otherwise stated, S stands for a completely regular semigroup.
We will adopt the notation and terminology of Petrich – Reilly [6] and Howie [1], to which the
reader is referred for basic information and results on completely regular semigroups. A completely
regular semigroup S is a union of its (maximal) subgroups. In S, we have the operation a 7→ a−1
of inversion; we will write a0 = aa−1 = a−1a. For an arbitrary completely regular semigroup S,
we denote by E(S) the set of its idempotents and V (a) the set of all inverses of an element a. The
complete lattice of congruences on S is denoted by C(S). If S consists solely of idempotents, then
it is a band. A commutative band is a semilattice. A semigroup S satisfying the identity a = axa
is a rectangular band. A regular semigroup is orthodox if its idempotents form a subsemigroup.
An orthodox completely regular semigroup is an orthogroup. A semigroup S is cryptic if H is a
congruence. A cryptic completely regular semigroup is a cryptogroup. A semigroup isomorphic
to the direct product of a rectangular band and a group is a rectangular group.
For a regular semigroup S,
a ≤ b ⇐⇒ a = eb = bf for some e, f ∈ E(S) (a, b ∈ S).
It is easy to see that the restriction of ≤ to E(S) is given by
e ≤ f ⇐⇒ e = ef = fe (e, f ∈ E(S)).
A binary relation θ on a set X is denoted by θX . For θ an equivalence relation on a semigroup
S, we will write θ∗ for the smallest congruence on S containing θ and θ0 the greatest congruence
contained in θ. For Y ⊆ X, we will write θ|Y for restriction of θ to Y . Let ρ be an equivalence
relation on a set X. If Y ⊆ X, then ρ saturates Y if Y is a union of ρ-classes. For a subset K of
a semigroup S, define piK by
a piK b ⇐⇒ [xay ∈ K ⇐⇒ xby ∈ K for all x, y ∈ S
1 ].
Then piK is the greatest congruence that saturates K.
As we’ve seen in the classic [6], other than Green’s relations, the relations below play an
important role in the discussion of completely regular semigroups. On any completely regular
semigroup S, relations F , Y and Θ are defined by
aF b ⇐⇒ ab−1 ∈ E(S),
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aY b ⇐⇒ V (a) = V (b),
aΘ b ⇐⇒ a0b = ab0.
Let A be a class of semigroups and ρ ∈ C(S). Then ρ is over A if each ρ-class which is a
subsemigroup of S belongs to A. Also ρ is an A-congruence if S/ρ ∈ A. We say that S is a
semilattice of semigroups of type P if there exists a semilattice congruence on S over P. One can
similarly speak of C-bands of semigroups of type P if C is any class of bands or simply a band
of semigroups of type P if C is the class of all bands. A congruence ρ is idempotent separating
if e2 = e, f2 = f and e ρ f imply that e = f . Equivalently, ρ is idempotent separating if and
only if ρ ⊆ H. On the other hand, ρ is idempotent pure if ρ saturates E(S); that is, a ρ e with
a ∈ S and e ∈ E(S) implies that a ∈ E(S). Equivalently, ρ is idempotent pure if and only if
ρ ⊆ F . We denote by µ and τ the greatest idempotent separating and greatest idempotent pure
congruences on S, respectively. The equality and the universal relations on S are denoted by ε
and ω respectively.
Some properties of completely regular semigroups are contained in the next three lemmas.
Lemma 1.1. ([6, Lemma II.3.5]) Let S be a regular subsemigroup of a semigroup T . For K =
{L,R,H}, we have KS = KT |S.
Lemma 1.2. ([6, Lemma II.3.8]) Let S be a regular subsemigroup of a completely regular semi-
group T . Then DS = DT |S.
Lemma 1.3. ([6, Lemma II.3.9]) Let S be a completely regular semigroup, e, f ∈ E(S) and
ρ ∈ C(S). Then eS, Sf , eSf and eρ are completely regular subsemigroups of S.
The following characterizations of cryptogroups, rectangular groups and orthogroups will be
of use later.
Lemma 1.4. ([6, Theorem II.8.1, Exercise II.8.8(i)]) The following conditions on a completely
regular semigroup are equivalent.
(1) S is cryptic;
(2) S is a band of groups;
(3) S satisfies the identity (ab)0 = (a0b0)0;
(4) For any a ∈ S, e ∈ E(S), e < a0 implies that ea = ae.
Lemma 1.5. ([6, Corollary III.5.3]) The following conditions on a completely regular semigroup
are equivalent.
(1) S is a rectangular group;
(2) E(S) is a rectangular band;
(3) S is an orthodox completely simple semigroup;
(4) σ is over rectangular bands.
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Lemma 1.6. ([6, Theorem II.5.3]) The following conditions on a completely regular semigroup
S = (Y ;Sα) are equivalent.
(1) S is orthodox;
(2) S is a semilattice of rectangular groups;
(3) For all α ∈ Y , Sα is orthodox.
Proof. The equivalence of (1)and (3) follows from [6, Theorem II.5.3].
(1) ⇒ (2). Let S = (Y ;Sα) be an orthogroup. Then E(Sα) is a rectangular band by [6,
Lemma II.5.2]. It follows from Lemma 1.5 that Sα is a rectangular group, and S is a semilattice
of rectangular groups.
(2)⇒ (1). If S = (Y ;Sα) is a semilattice of rectangular groups, then S is trivially a semilattice
of completely simple semigroups so that S is completely regular. For all α ∈ Y , Sα is a rectangular
group whence Sα is orthodox. That S is orthodox is an immediate consequence of the equivalence
of (1) and (3).
We now turn to results on congruences on completely regular semigroups.
For ρ ∈ C(S), tr ρ = ρ|E(S) is the trace of ρ, and ker ρ = {a ∈ S | a ρ e for some e ∈ E(S)} is
the kernel of ρ. A congruence on a completely regular semigroup is determined uniquely by its
trace and kernel.
Lemma 1.7. ([6, Lemma VI.3.1]) For any ρ ∈ C(S) and a, b ∈ S, we have
a ρ b ⇐⇒ a0 tr ρ b0 and ab−1 ∈ ker ρ.
For any ρ, θ ∈ C(S), the relations T and K are defined as follows,
ρ T θ ⇐⇒ tr ρ = tr θ, ρK θ ⇐⇒ ker ρ = ker θ.
The relation T is a complete congruence on the lattice C(S), while K is an equivalence relation
on C(S). The equivalence class ρT [resp. ρK] is an interval of C(S) with greatest and least element
to be denoted by ρT [resp. ρK ] and ρt [resp. ρk], respectively.
Lemma 1.8. ([6, Theorem VII.1.2, Theorem VII.2.2]) For any ρ ∈ C(S), we have
ρk = (ρ ∩H)
∗, ρK = piker ρ;
ρt = (tr ρ)
∗ = (ρ ∩Θ)∗, ρT = (H(tr ρ)H)0 = (ρ ∨H)0.
The following lemma will be used frequently later.
Lemma 1.9. H ∩Θ = ε.
Proof. Let a, b ∈ S and a (H ∩Θ) b. Then a0 = b0 and a0b = ab0 so that a = aa0 = ab0 = a0b =
b0b = b. Hence H ∩Θ = ε.
5
2 Congruences for which kerσ of the quotient semigroup is a
cryptogroup and congruences for which ker ν of the quotient
semigroup is a cryptogroup
We first characterize orthodox congruences ρ for which ker ρ is cryptic. Then we define semigroups
for which kerσ (respectively, ker ν) is a cryptogroup. Characterizations for congruences for which
kerσ (respectively, ker ν) of the quotient semigroup is a cryptogroup are considered. The least
congruence ρ for which ker σS/ρ is a cryptogroup and the least congruence θ for which ker νS/θ is
a cryptogroup on a completely regular semigroup are proved to be pit and λt, respectively.
Lemma 2.1. The following statements concerning an orthodox congruence ρ on a completely
regular semigroup are equivalent.
(1) ker ρ is cryptic;
(2) ker ρ ⊆ ker µ;
(3) ρ ∩H = ρ ∩ µ;
(4) ρ ∩H ∈ C(S);
(5) ρk ⊆ µ;
(6) (ρk)t = ε;
(7) ρk ∩Θ = ε;
(8) ρk is over groups.
Proof. (1)⇒ (2). Let ker ρ be cryptic. By Lemma 1.4, for a ∈ ker ρ, e ∈ E(ker ρ) = E(S), e ≤ a0
implies ea = ae, and therefore by [6, Corollary VI.2.9], a ∈ kerµ. Hence ker ρ ⊆ kerµ.
(2) ⇒ (3). Let a, b ∈ S with a (ρ ∩ H) b. Then a0 = b0 and ab−1 ∈ ker ρ ⊆ kerµ whence aµ b
by Lemma 1.7. Hence ρ∩H ⊆ ρ∩ µ. The opposite conclusion is trivial whence equality prevails.
(3)⇒ (4). Obvious.
(4) ⇒ (5). From Lemma 1.8 and the assumption we see that ρk = (ρ ∩ H)
∗ = ρ ∩ H ⊆ H.
Consequently ρk is idempotent separating so that ρk ⊆ µ.
(5)⇒ (6). Since ρk ⊆ µ, it follows that (ρk)t ⊆ µt = ε, i.e. that (ρk)t = ε.
(6) ⇒ (7). Indeed tr ρk = tr (ρk)t = ε so that ρk is idempotent separating whence ρk ⊆ µ.
Thus ρk = (ρ ∩H)
∗ ⊆ µ ⊆ H and ρk ⊆ ρ ∩H. The reverse containment is obvious. Therefore we
have ρk = ρ ∩H. By Lemma 1.9 we can deduce that ρk ∩Θ = ρ ∩H ∩Θ = ρ ∩ ε = ε.
(7) ⇒ (8). Suppose that e, f ∈ E(S) with e ρk f . Since any two idempotents are Θ-related,
we have e (ρk ∩ Θ) f which yields e = f . Therefore ρk ⊆ H. Since eρk is a completely regular
subsemigroup of S by Lemma 1.3, it follows that eρk is a subgroup of He.
(8)⇒ (1). Notice first that ker ρ is a subsemigroup of S because ρ is an orthodox congruence.
By [6, Lemma VI.2.6], the hypothesis implies that ρk ⊆ µ ⊆ H. It follows that ρk = ρ ∩ H from
the proof of (5) ⇒ (6) and (6) ⇒ (7), and so, ρk|ker ρ ⊆ H|ker ρ. For any a, b ∈ ker ρ, if aH b,
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then a ρ a0 = b0 ρ b and a (ρ∩H) b. Hence a ρk b and H|ker ρ ⊆ ρk|ker ρ. Therefore H|ker ρ = ρk|ker ρ.
Note that ρk|ker ρ is a congruence on ker ρ. Hence Hker ρ = H|ker ρ is a congruence on ker ρ which
implies that ker ρ is cryptic.
Remark 2.2. It is worth noticing that the assumption that ρ is orthodox is only used in part (1)
— otherwise ker ρ might not be a subsemigroup — and proving the implication (8)⇒ (1).
Corollary 2.3. If µ is orthodox, then kerµ is cryptic.
Proof. If µ is orthodox, then from the equivalence of (1) and (2) in Lemma 2.1 we infer that kerµ
is cryptic.
Remark 2.4. Lemma 2.1 and Corollary 2.3 are exactly the responses to Problems VII.3.13 (i) and
(ii) in [6].
We next proceed to answer the question in [6, Problems VII.3.13(iii)].
Theorem 2.5. The following conditions on a completely regular semigroup S are equivalent.
(1) ker σ is cryptic;
(2) ker σ ⊆ ker µ;
(3) σ ∩H = σ ∩ µ;
(4) σ ∩H ∈ C(S);
(5) pi ⊆ µ;
(6) pit = ε;
(7) there exists an idempotent separating E-unitary congruence on S;
(8) pi ∩Θ = ε;
(9) pi is over groups.
Proof. Notice that we have used no assumption of orthodoxy within the proof of (2) ⇒ (3) ⇒
(4) ⇒ (5) ⇒ (6) ⇒ (7) ⇒ (8) in Lemma 2.1. So we now have (2) ⇒ (3) ⇒ (4) ⇒ (5) ⇒ (6) ⇒
(8)⇒ (9). It suffices to show (1)⇒ (2), (9)⇒ (1) and the equivalence of (6) and (7).
(1) ⇒ (2). Notice that the assumption that ρ is orthodox is a guarantee for ker ρ being a
subsemigroup in Lemma 2.1. Here we have kerσ being a cryptogroup. And the argument goes
along the same lines as in (1)⇒ (2) of Lemma 2.1.
(9) ⇒ (1). First it follows from [6, Theorem VII.3.6] that kerσ = kerpi is a subsemigroup of
S. A similar argument to that for (8)⇒ (1) in Lemma 2.1 establishes that Hker σ is a congruence
on ker σ and so the proof is complete.
(6) ⇒ (7). It is clear from the hypothesis that trpi = trpit = ε, and that the E-unitary
congruence pi is idempotent separating.
(7) ⇒ (6). Let ρ be an idempotent separating E-unitary congruence. Then pi ⊆ ρ ⊆ µ and
pit ⊆ µt = ε which gives pit = ε.
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We now set out to set up characterizations for congruences for which kerσ of the quotient
semigroup is a cryptogroup. We shall need an auxiliary result.
For a congruence ρ on a completely regular semigroup S, notice that there exists at least one
cryptogroup congruence on S containing ρ, namely the universal relation ω, and that the inter-
section of cryptogroup congruences is still a cryptogroup congruence, we have a least cryptogroup
congruence containing ρ, to be denoted by κρ. Similarly, we have a least E-unitary and a least
orthodox congruence on S containing ρ, to be denoted by piρ and λρ, respectively.
Proposition 2.6. Let S be a completely regular semigroup and ρ ∈ C(S). Then
(1) κρ = ρ ∨ κ, and κS/ρ = κρ/ρ = (ρ ∨ κ)/ρ;
(2) piρ = ((ρ ∨ σ) ∩ ρHρ)
∗, and piS/ρ = piρ/ρ;
(3) λρ = ((ρ ∨ ν) ∩ ρHρ)
∗, and λS/ρ = λρ/ρ.
Proof. (1) First let a, b ∈ S. Recalling Lemma 1.4, we have ((aκ)(bκ))0 = ((aκ)0(bκ)0)0 which
implies that (ab)0κ = ((ab)κ)0 = ((a0κ)(b0κ))0 = (a0b0)0κ. Further, κ ⊆ ρ ∨ κ implies that
(ab)0(ρ∨κ) = (a0b0)0(ρ∨κ) and thus also that ((a(ρ∨κ))(b(ρ∨κ)))0 = ((a(ρ∨κ))0(b(ρ∨κ))0)0.
It now follows from Lemma 1.4 that ρ ∨ κ is a cryptogroup congruence.
Next let θ be a cryptogroup congruence containing ρ. Then κ ⊆ θ and ρ ⊆ θ. Therefore
ρ ∨ κ ⊆ θ proving the minimality of ρ ∨ κ.
Now (S/ρ)/(κρ/ρ) ≃ S/κρ. Thus κρ/ρ is a cryptogroup congruence on S/ρ. If θ/ρ is a
cryptogroup congruence on S/ρ with ρ ⊆ θ, then S/θ ≃ (S/ρ)/(θ/ρ) which implies that θ is a
cryptogroup congruence on S. Hence κρ ⊆ θ and κρ/ρ ⊆ θ/ρ. Consequently κρ/ρ is the least
cryptogroup congruence on S/ρ whence κS/ρ = κρ/ρ. Notice that similar arguments give that
piS/ρ = piρ/ρ and λS/ρ = λρ/ρ.
(2) The remark above shows that for any a, b ∈ S,
a piρ b ⇐⇒ (aρ)piS/ρ (bρ).
By Lemma 1.8 we have an expression for piS/ρ, hence it suffices to prove
a ((ρ ∨ σ) ∩ ρHρ)∗ b ⇐⇒ (aρ) (σS/ρ ∩HS/ρ)
∗ (bρ),
and for this, it is enough to show
a ((ρ ∨ σ) ∩ ρHρ) b ⇐⇒ (aρ) (σS/ρ ∩HS/ρ) (bρ).
It is further enough to show the equivalences
a (ρ ∨ σ) b ⇐⇒ (aρ)σS/ρ (bρ),
a (ρHρ) b ⇐⇒ (aρ)HS/ρ (bρ).
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The first equivalence follows immediately from the fact that ρ ∨ σ is the least group congruence
containing ρ. By [6, Theorem VI.5.1], the second equivalence holds. We consequently have
piρ = ((ρ ∨ σ) ∩ ρHρ)
∗.
(3) The proof is closely similar to that for (2) and is omitted.
We are now ready for characterizations for congruences for which kerσ of the quotient semi-
group is a cryptogroup.
Proposition 2.7. The following statements concerning ρ ∈ C(S) are equivalent.
(1) ker σS/ρ is cryptic;
(2) piρ ⊆ ρ
T ;
(3) trpiρ = tr ρ.
Proof. (1) ⇒ (2). Since kerσS/ρ is a cryptogroup, we have by Theorem 2.5 that piS/ρ ⊆ µS/ρ. It
is known by Proposition 2.6 that piS/ρ = piρ/ρ and by [6, Proposition VII.2.5] that µS/ρ = ρ
T /ρ.
Hence piρ/ρ ⊆ ρ
T /ρ so that piρ ⊆ ρ
T .
(2)⇒ (3). piρ ⊆ ρ
T gives trpiρ ⊆ tr ρ
T = tr ρ. But ρ ⊆ piρ, and then tr ρ ⊆ tr piρ. Consequently,
trpiρ = tr ρ.
(3)⇒ (1). The hypothesis and ρ ⊆ piρ give that the E-unitary congruence piρ/ρ is idempotent
separating on S/ρ. By Theorem 2.5, we get that ker σS/ρ is a cryptogroup.
Corollary 2.8. pit = ((ωt)k)t is the least congruence ρ for which ker σS/ρ is a cryptogroup on a
completely regular semigroup.
Proof. Since pipit = pi ⊆ pi
T = (pit)
T , we have by Proposition 2.7 that kerσS/pit is a cryptogroup. If
ρ is a congruence for which ker σS/ρ is a cryptogroup, then pi ⊆ piρ ⊆ ρ
T and pit ⊆ (ρ
T )t = ρt ⊆ ρ.
This proves the assertion.
We conclude this section with observations concerning semigroups for which ker ν is a cryp-
togroup.
Theorem 2.9. The following conditions on a completely regular semigroup S are equivalent.
(1) ker ν is cryptic;
(2) ker ν ⊆ kerµ;
(3) ν ∩H = ν ∩ µ;
(4) ν ∩H ∈ C(S);
(5) λ ⊆ µ;
(6) λt = ε;
(7) there exists an idempotent separating orthodox congruence on S;
(8) λ ∩Θ = ε;
(9) λ is over groups.
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Proof. First notice that ν is orthodox from ν K λ and [6, Exercises VII.3.11(i)]. So the equivalence
of (1) – (6), (8) and (9) is an immediate consequence of Lemma 2.1. It remains to show the
equivalence of (6) and (7).
(6) ⇒ (7). It is clear from the hypothesis that trλ = trλt = ε, and that the orthodox
congruence λ is idempotent separating.
(7) ⇒ (6). Let ρ be an idempotent separating orthodox congruence. Then λ ⊆ ρ ⊆ µ and
λt ⊆ µt = ε which establishes λt = ε.
The next result characterizes congruences for which ker ν of the quotient semigroup is a cryp-
togroup in several ways.
Proposition 2.10. The following statements concerning ρ ∈ C(S) are equivalent.
(1) ker νS/ρ is cryptic;
(2) λρ ⊆ ρ
T ;
(3) trλρ = tr ρ.
Proof. The proof is closely similar to that for Proposition 2.7 and is omitted.
Corollary 2.11. λt = ((Dt)k)t is the least congruence ρ for which ker νS/ρ is a cryptogroup on a
completely regular semigroup.
Proof. The argument here goes along the same lines as in Corollary 2.8.
Remark 2.12. Theorem 2.5 and Theorem 2.9 are the responses to Problem VII.3.13(iii) in [6].
3 Congruences for which κ of the quotient semigroup is over
rectangular bands
After defining semigroups for which κ is over rectangular bands, we provide some equivalent
conditions in terms of congruences. We then characterize congruences for which κ of the quotient
semigroup is over rectangular bands on a completely regular semigroup S and prove that the
least such congruence on S is κk. These results lead naturally to congruence characterizations for
orthogroups.
Definition 3.1. A completely regular semigroup S is called a semigroup for which κ is over
rectangular bands if eκ is a rectangular band for each e ∈ E(S).
The next proposition illustrates this class of completely regular semigroups.
Proposition 3.2. Let S be a semigroup for which κ is over rectangular bands. Then S is a band
of rectangular groups.
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Proof. By [6, Lemma VI.1.9], κ ∩ H = ε, and therefore, κ is idempotent pure, i.e., ker κ =
E(S). Since κ ⊆ β, we must have eκ ⊆ eβ for all e ∈ E(S) whence eβ is a completely regular
subsemigroup of S by Lemma 1.3. From κT β and the hypothesis that eκ is a rectangular band,
we now infer that eβ is a rectangular group by Lemma 1.5. Thus S is a band of rectangular
groups.
In fact, if S is a band of rectangular groups and ρ a band congruence on S such that eρ is a
rectangular group for all e ∈ E(S), then β ⊆ ρ and eβ is a completely regular subsemigroup of
eρ by Lemma 1.3. It follows by Lemma 1.5 that eβ is a rectangular group. For convenience, we
write
⋃
α∈B
Sα or (B;Sα) for S =
⋃
e∈E(S)
eβ, where B is a band and Sα is a rectangular group.
The next lemma provides useful information concerning bands of rectangular groups.
Lemma 3.3. Let S = (B;Sα) be a band of rectangular groups. Then β ∩ F = β ∩Θ.
Proof. Let a, b ∈ S with a (β ∩ F) b. Then ab−1 ∈ E(S) and a, b ∈ Sα for some α ∈ B. It is
clear that ab−1 ∈ Sα whence b
0 = b0ab−1b0. It follows that b = b0ab0 so that a0b = a0b0ab0 =
a0b0a0ab0 = a0ab0 = ab0. Hence aΘ b and β ∩F ⊆ β ∩Θ. On the other hand, if a (β ∩Θ) b, then
ab0 = a0b which implies ab−1 = a0bb−1 = a0b0 ∈ E(Sα). Thus aF b and β∩Θ ⊆ β∩F . Therefore
we have β ∩ F = β ∩Θ.
It is worth remarking that orthogroups are semigroups for which κ is over rectangular bands.
First, if S is an orthogroup, then λ = ε and κ ⊆ τ , which yields that eκ is a band for e ∈ E(S).
Next recall that an orthodox completely regular semigroup is a semilattice of rectangular groups.
For f, g ∈ eκ, f, g ∈ Sα since κ ⊆ β ⊆ D. But Sα is a rectangular group and f = fgf and hence
eκ is a rectangular band.
The class of semigroups for which κ is over rectangular bands can be characterized in many
ways, of which we now give a sample.
Theorem 3.4. The following conditions on a completely regular semigroup S are equivalent.
(1) κ is over rectangular bands;
(2) β ∩ F = β ∩Θ = β ∩ τ ;
(3) β ∩Θ ∈ C(S);
(4) κ ∩H = ε;
(5) κ ⊆ τ ;
(6) κk = ε;
(7) there exists an idempotent pure cryptogroup congruence on S;
(8) κ ⊆ F ;
(9) S is a band of rectangular groups with tr β ⊆ tr τ ;
(10) κ ⊆ Y.
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Proof. (1)⇒ (2). Let κ be over rectangular groups. By Proposition 3.2, S is a band of rectangular
groups and so we can apply Proposition 3.3 to conclude that β ∩ F = β ∩ Θ. Since κ is over
rectangular bands, we have ker κ = E(S). Moreover, ker κ = ker β yields β ⊆ τ and β ∩ F ⊆ β =
β ∩ τ . Conversely, τ ⊆ F gives β ∩ τ ⊆ β ∩ F . And the required equality holds.
(2)⇒ (3). Obvious.
(3)⇒ (4). It follows from κ = βt = (β∩Θ)
∗ = β∩Θ and Lemma 1.9 that κ∩H = β∩Θ∩H =
β ∩ ε = ε.
(4)⇒ (5). It follows directly from [6, Lemma VI.1.8].
(5)⇒ (6). If κ ⊆ τ , then κk ⊆ τk = ε whence κk = ε.
(6) ⇒ (7). If κk = ε, then ker κ = ker κk = E(S) which implies that the cryptogroup
congruence κ is idempotent pure.
(7)⇒ (8). Let ρ be an idempotent pure cryptogroup congruence. Then κ ⊆ ρ ⊆ τ . If a, b ∈ S
and aκ b, then ab−1 κ b0. From the foregoing we have ab−1 ∈ E(S), that is, aF b, and κ ⊆ F .
(8) ⇒ (1). Again notice that eκ is a completely regular subsemigroup of S by Lemma 1.3.
Let a ∈ S, e ∈ E(S) and aκ e. Then a0 κ eκa. By the hypothesis this implies that aF a0 whence
a = aa0 = a(a0)−1 ∈ E(S). Therefore eκ is a band. Further, κ ⊆ β ⊆ D implies that eκ is
completely simple. We conclude that eκ is a rectangular band.
(1)⇒ (9). Let κ be over rectangular bands. It follows from Proposition 3.2 that S is a band of
rectangular groups and from the previous proof of (1)⇒ (5) that κ ⊆ τ whence tr β = trκ ⊆ tr τ .
(9)⇒ (2). Let a, b ∈ S with a (β ∩F) b. Then a0 tr β b0. But tr β ⊆ tr τ , and hence a0 tr τ b0.
It follows from Lemma 1.7 that a τ b since ab−1 ∈ E(S). Thus β ∩ F ⊆ β ∩ τ . Conversely, if
a (β ∩ τ) b, then ab−1 τ b0 which implies that ab−1 ∈ E(S), i.e., aF b. Therefore β ∩ τ ⊆ β ∩ F
whence β ∩ F = β ∩ τ . Again, by Proposition 3.3, we have β ∩ F = β ∩Θ.
(1)⇔ (10). It follows immediately from [6, Lemma VI.1.9].
We now turn to characterizations of congruences for which κ of the quotient semigroup is over
rectangular bands on a completely regular semigroup.
Proposition 3.5. The following statements concerning ρ ∈ C(S) are equivalent.
(1) κS/ρ is over rectangular bands;
(2) ρK is a cryptogroup congruence;
(3) ker (ρ ∨ κ) = ker ρ.
Proof. (1)⇒ (2). Since κS/ρ is over rectangular bands, we have by Theorem 3.4 that κS/ρ ⊆ τS/ρ.
It is known by Proposition 2.6 that (ρ ∨ κ)/ρ ⊆ ρK/ρ so that ρ ∨ κ ⊆ ρK . Therefore κ ⊆ ρK and
ρK is a cryptogroup congruence since cryptogroups are closed under homomorphic images.
(2)⇒ (3). It follows from κ ⊆ ρK that ρ∨κ ⊆ ρK whence ker ρ ⊆ ker (ρ ∨ κ) ⊆ ker ρK = ker ρ
and ker (ρ ∨ κ) = ker ρ.
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(3)⇒ (1). Since ker (ρ ∨ κ) = ker ρ, (ρ ∨ κ)/ρ is an idempotent pure congruence on S/ρ, and
this together with Proposition 2.6 gives that κS/ρ is over rectangular bands by Theorem 3.4.
Corollary 3.6. In any completely regular semigroup S, κk = ((ωk)t)k is the least congruence ρ
for which κS/ρ is over rectangular bands.
Proof. The argument here goes along the same lines as in Corollary 2.10.
Proposition 3.7. For any completely regular semigroup S, κ∩pi = pit∨κk is the least congruence
ρ on S for which kerσS/ρ is a cryptogroup and κS/ρ is over rectangular bands.
Proof. By [6, Proposition VII.2.10], we have κ∩pi = (σ∩β)t∩(σ∩β)k = (σ∩β)tk∨(σ∩β)kt = κk∨pit.
Note that piκ∩pi = pi = σk ⊆ ωk = β. Hence tr (κ ∩ pi) = trκ ∩ trpi = tr β ∩ tr pi = trpi,
and so ker σS/(κ∩pi) is a cryptogroup, by Proposition 2.7. Also, ker (κ ∩ pi) = ker κ ∩ ker pi =
kerκ ∩ ker σ = kerκ = ker ((pi ∩ κ) ∨ κ), which implies that κS/(κ∩pi) is over rectangular bands.
Let ρ be a congruence such that kerσS/ρ is a cryptogroup and that κSρ is over rectangular bands.
By Proposition 3.5 and Proposition 2.7, we obtain κ ⊆ ρK and pi ⊆ piρ ⊆ ρ
T , which yields
κ ∩ pi ⊆ ρK ∩ ρT = ρ. This completes the proof of the proposition.
The congruences pit, λt and κk are depicted in Figure 2 together with some well-known con-
gruences, enlarging the list of properties of the congruence network in Figure 1.
The next proposition explores an interesting property of semigroups for which κ is over rect-
angular bands.
Proposition 3.8. Let S =
⋃
α∈B
Sα be a semigroup for which κ is over rectangular bands and σα
the least group congruence on Sα for any α ∈ B. Then κ =
⋃
α∈B
σα.
Proof. First since κT β and since κ ⊆ β, we have trκ|Sα = ω|E(Sα). Thus κ|Sα is a group
congruence on Sα and σα ⊆ κ|Sα . Conversely, suppose that a, b ∈ Sα and aκ|Sα b. Then ab
−1 κ b0.
By the hypothesis that κ is over rectangular bands, ab−1 ∈ E(S) and therefore b = b0b σα ab
−1b =
ab0 σα aa
0 = a. Consequently κ|Sα ⊆ σα so that κ|Sα = σα.
Next, it is clear that κ|Sα ⊆ κ for all α ∈ B. Then
⋃
α∈B
κ|Sα ⊆ κ. Conversely, if a, b ∈ S and
aκ b, then a β b so that a, b lies in some Sα. Thus aκ|Sα b. We conclude that κ =
⋃
α∈B
κ|Sα =
⋃
α∈B
σα.
Recall that orthogroups are examples of semigroups for which κ is over rectangular bands.
The remainder of this section is devoted to new characterizations for orthogroups.
Lemma 3.9. Let S be an orthogroup. Then ρt = (ρ ∩ F)
∗.
13
ωωt = σ β = ωk
βt = κ pi = σk
pit κk
...
group band
cryptogroup E-unitary
kerσ is cryptic κ is over rectangular bands
η = D
Dt = ν
λ = νk
λt
semilattice
Clifford
orthogroup
ker ν is cryptic
Figure 2 The least congruences for which ker σS/ρ is a cryptogroup, ker νS/ρ is a cryptogroup
and κS/ρ is over rectangular bands
Proof. Since ρ ∩ F ⊆ ρ, (ρ ∩ F)∗ ⊆ ρ and thereby tr (ρ ∩ F)∗ ⊆ tr ρ. On the other hand, for
any e, f ∈ E(S), eF f since S is orthodox. Therefore tr ρ ⊆ tr (ρ ∩ F) ⊆ tr (ρ ∩ F)∗ so that
tr (ρ ∩ F)∗ = tr ρ.
Let θ ∈ C(S) and ρ T θ. If a, b ∈ S and a (ρ ∩ F) b, then a ρ b and ab−1 ∈ E(S). It follows
that a0 ρ b0 while a0 θ b0. But ab−1 ∈ E(S) ⊆ ker θ and hence a θ b, by Lemma 1.7. Therefore
ρ ∩ F ⊆ θ whence (ρ ∩ F)∗ ⊆ θ. We conclude that ρt = (ρ ∩ F)
∗.
Compare the following result with Theorem 3.4 and Proposition 3.2.
Theorem 3.10. The following conditions on a completely regular semigroup are equivalent.
(1) S is orthodox;
(2) S is a semilattice of rectangular groups;
(3) D ∩ F = D ∩ τ ;
(4) D ∩ F ∈ C(S);
(5) D ∩Θ = D ∩ τ ;
(6) D ∩Θ ∈ C(S);
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(7) ν ⊆ τ ;
(8) ν ∩H = ε;
(9) νk = ε;
(10) there exists an idempotent pure Clifford congruence;
(11) ν ⊆ F ;
(12) ν is over rectangular bands;
(13) ν ⊆ Y.
Proof. (1)⇔ (2). See Lemma 1.6.
(1) ⇒ (3). Assume that a, b ∈ S and a (D ∩ F) b. Then aD b. From the equivalence of
(1) and (2), we know that E(Da0) = E(Db0) is a rectangular band. Therefore by [6, Exercises
II.5.9(i)], if x, y ∈ S1 and xa0y ∈ E(S), then xb0(a0y) ∈ E(S). Again, by [6, Exercises II.5.9(i)],
(xb0a0)b0y ∈ E(S), i.e., xb0y ∈ E(S). Similarly, if xb0y ∈ E(S), then xa0y ∈ E(S). Therefore
a0 τ b0. Furthermore, aF b yields ab−1 ∈ E(S). By Lemma 1.7, we can deduce that a τ b whence
D ∩ F ⊆ D ∩ τ . Conversely if a (D ∩ τ) b, then ab−1 τ b0 which implies that ab−1 ∈ E(S), i.e.,
aF b. Thus D ∩ τ ⊆ D ∩ F and the required equality holds.
(3)⇒ (4), (5)⇒ (6). Obvious.
(4) ⇒ (7). Suppose that D ∩ F is a congruence. Then D ∩ F ⊆ F gives D ∩ F ⊆ τ , by
[6, Lemma VI.1.8]. Hence D ∩ F ⊆ D ∩ τ . It is clear that τ ⊆ F . Thus D ∩ τ ⊆ D ∩ F
and the equality D ∩ F = D ∩ τ takes place. From the foregoing and Lemma 3.9 we infer that
ν = Dt = (D ∩ F)
∗ = D ∩ F = D ∩ τ ⊆ τ .
(2) ⇒ (5). As a first step we show that D ∩ F = D ∩ Θ. Let a, b ∈ S and a (D ∩ F) b.
Then a, b lies in some rectangular group Sα and ab
−1 ∈ E(Sα). Thus b
0 = b0ab−1b0 = b0ab−1,
while b = b0ab0. It follows that a0b = a0b0ab0 = a0b0a0ab0 = a0ab0 = ab0, i.e., aΘ b, and so
D ∩ F ⊆ D ∩ Θ. Conversely, if a (D ∩Θ) b, then ab0 = a0b and ab−1 = a0b0 ∈ E(S). Thus aF b
and D ∩Θ ⊆ D ∩ F . Therefore D ∩ F = D ∩Θ.
From the fact that (1)⇒ (3) and the equivalence of (1) and (2), we have D∩Θ = D∩F = D∩τ .
(6) ⇒ (7). It follows from ν = Dt = (D ∩ Θ)
∗ = D ∩ Θ and Lemma 1.9 that ν ∩ H =
D ∩Θ ∩H = D ∩ ε = ε.
(7)⇒ (8), (11)⇔ (12)⇔ (13). It follows immediately from Lemma VI.1.8 and Lemma VI.1.9
in [6].
(8)⇒ (9). From ν ∩H = ε we infer that νk = (ν ∩H)
∗ = ε∗ = ε.
(9) ⇒ (10). Indeed ker ν = ker νk = E(S) so that the Clifford congruence ν is idempotent
pure.
(10)⇒ (11). Let ρ be an idempotent pure Clifford congruence. Then ν ⊆ ρ ⊂ τ , which by [6,
Lemma VI.1.8] gives ν ⊆ F .
(12) ⇒ (2). Suppose that ν is over rectangular bands. Since DT ν, this implies, in view of
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Lemma 1.5, that eD is a rectangular group for any e ∈ E(S). Therefore, S is a semilattice of
rectangular groups.
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